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ABSTRACT
Measurement of natural bubble populations is required for many areas of ocean science. Acoustical
methods have considerable potential for achieving this goal because bubbles scatter sound strongly close to
their natural frequency, which depends largely on the bubble radius. The principle of using bulk acoustical
attenuation caused by a bubble population to infer the number and size of bubbles present is well established,
and appropriate methods for measuring broadband acoustical attenuation are also well developed. However,
the numerical methods currently used to invert the acoustical attenuation to get the bubble size distribution
are complex and time consuming. In this paper, amethod for the inversion is presented that uses the physics of
bubble resonance to restructure the problem so that it can be accurately carried out using a simple matrix
inversion. This inversion method produces results that are correct to within a few percent over two orders of
magnitude of bubble size. The most significant remaining issue for acoustical bubble measurement is the
potential presence of bubbles that are resonant outside the measurement frequency range. The mathematical
structure outlined here considerably simplifies the investigation of this problem, and calculations are pre-
sented that show this effect to be minor in many cases.
1. Introduction
The presence of bubbles in a liquid can have a consid-
erable influence on that liquid’s optical and acoustical
properties, as well as providing opportunities for the ex-
change of gases across the bubble boundary. Conse-
quently, accurate measurement of the number and size
of the bubbles present is desirable in many fields of
science, for example, chemical engineering, medicine,
and oceanography. The aim of the research presented in
this paper is to improve the measurement of the natural
bubble populations in the ocean, and it wasmotivated by
the increasing interest in measuring bubbles with radii
less than 50 mm. However, the principle described may
be useful in other applications as well.
It is now four decades since Medwin (1970) introduced
the concept of measuring oceanic bubble populations by
using the bulk acoustical properties of the bubblywater to
infer the bubble size distribution present. The main
advantages of the technique are that the instrumentation
is relatively simple, nonintrusive, and robust enough to be
deployed in rough conditions at sea. In addition, mea-
surements can be made continuously at 1 Hz or faster,
which is sufficient to follow the evolution of bubble clouds
from a breaking wave once the initial intense period of
turbulence and very high void fraction is over. Over the
length of time that this technique has been in use, there
have been several proposed methods for inverting the
acoustical attenuation to infer the bubble population
present. The reason for this is that even though the
contribution to acoustical attenuation made by a single
size of bubble is greatest at its natural frequency, the
effects at other frequencies may still be significant. This
complicates the calculation of the bubble size distribu-
tion, and to date a universally satisfactory method for
carrying out the inversion has not been found.
Medwin (1977) and Breitz andMedwin (1989) laid the
theoretical foundations for the inversion process. Two
equivalent sets of units are used in the literature for
acoustical attenuation: decibels, which are commonly
used by acousticians, and a pressure amplitude attenu-
ation coefficient b in nepers per meter, which is more
commonly used by physicists. Here we will use b be-
cause it is simpler to express, but both will be set out
below for clarity. The total acoustical power attenua-
tion adB in decibels per meter at a given frequency f is
expressed as
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adB( f ) 5 4:34
ð‘
0
sext( f , a)n(a) da, (1a)
where n(a)da is the number of bubbles with radii between
a and a 1 da per unit volume. The factor of 4.34 comes
from the conversion to decibels (Medwin 2005; Leighton
1994, p. 28), where I5 I010
2(adBx=10), where I0 and I are
the initial and final intensities and x is the distance trav-
eled. For calculations using the construction I5 I0e
2ax,
this factor is not needed, and the attenuation referred to
in this paper will be calculated in this way. In these units,
the power attenuation coefficient a is given by a5 2b, so
that the correct version of Eq. (1) for our purposes is
a( f ) 5
ð‘
0
sext( f , a)n(a) da. (1b)
The extinction cross section sext(v, a0) resulting from a
bubble of radius a0 at angular frequency v (wherev5
2pf ) is given byEqs. (4.27) and (4.31) inLeighton (1994) as
sext(v, a0) 5
dtot
drad
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& '2, (2)
where dtot is the total damping constant, drad is the
radiation damping constant, a0 is the bubble equilibrium
radius, v0 is its resonant frequency, v is the frequency of
interest, and btot is the total resistive constant leading to
damping. Equation (2) is a complete description of the
acoustical extinction and includes both resonant and
geometric effects. Geometric scattering is that due to the
purely cross-sectional area of the bubble, separate from
any resonant effects, and it increases as a20. In theory, if
the attenuation with frequency is known, Eqs. (1) and
(2) could be inverted to calculate n(a)da. Consequently,
a single broadband measurement could be used to infer
the bubble population over a wide radius range.
Figure 1 shows two aspects of the extinction cross
section: the variation with radius at a single frequency
(217 kHz) and the variation with frequency for a bubble of
fixed radius (15 mm). The steadily rising slope on the right
of the resonant peak in Fig. 1a represents geometric scat-
tering, which is the acoustic scattering resulting from the
physical size of a bubble (Leighton 1994). The difficulty
that this geometric scattering causes is that at a single rel-
atively high frequency, attenuation can potentially be due
to either small resonant bubbles or the geometric scattering
(effectively the acoustic shadow) from a range of much
larger bubbles. Figure 1b illustrates that a bubble of a single
size causes attenuation over a narrow range of frequencies,
not just its resonant frequency. Here, this range is referred
to as the bubble bandwidth. A solution to Eqs. (1) and (2)
must take both of these features into account.
A solution to first order was derived byMedwin (1977),
by assuming that the measured attenuation was domi-
nated by resonant scattering only (commonly referred to
as the resonant bubble approximation). A simplified
expression was derived that directly related measured
attenuation to the number of resonant bubbles present.
The limitations of this approach were investigated by
Commander and Moritz (1989), and they concluded that
the off-resonant contributions to scattering needed to be
included in future inversion methods.
Several methods have been proposed to take the
off-resonant contributions into account. The most widely
used method (Terrill and Melville 2000; Farmer et al.
1998) is that ofCommander andMcDonald (1991).Noting
that Eq. (1) is a Fredholm integral of the first kind, they
FIG. 1. Extinction cross sections: (a) variation in cross section with radius for 217 kHz, which is the resonant
frequency for a 15-mm bubble, and (b) variation with frequency for a single bubble with a radius of 15 mm.
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found a numerical solution to the integral by using a
finite-element method, and then regularization was used
to produce a stable result. This method is computationally
expensive, since it requires an iterative procedure to
smooth the result.
Caruthers et al. (1999) and Elmore and Caruthers
(2003) proposed and developed a simpler alternative
solution. They used the resonant approximation to
produce a first-order solution and then made iterative
corrections using the full forward attenuation calcula-
tion. A different numerical solution using both attenu-
ation and phase velocity was developed by Duraiswamy
et al. (1998). Choi and Yoon (2001) also proposed an
iterative scheme using both the attenuation and the
phase velocity to find a stable result.
In general, these methods are all computationally
expensive and time consuming to carry out. In addition,
these studies all have two things in common. First, they all
set out to produce a general mathematical solution to
Eq. (1), without considering the physical phenomena
described by the kernel s. Consideration of the physical
meaning of that term and the shape of the function it
describes leads to a solution specific to bubble inversion.
Previous solution methods have been inefficient because
they have all been very general mathematical treatments
that would work for any kernel. Second, in the cases
where an artificial bubble population was simulated and
a full forward calculation of attenuation was carried out
so that the inversion method could be tested, the issue of
binning bubbles before the attenuation was calculated
was not addressed, as far as the author is aware. During
consideration of possible inversion methods for bubble
measurements using an acoustical resonator, it became
apparent that there is a simpler method for inversion,
which takes account of the two points above and is
considerably quicker to implement than previous
methods. In addition, it removes some systematic errors
that may have been overlooked in previous inversions.
2. Method description
As discussed above, the attenuation resulting from a
single bubble resonance is significant over a finite fre-
quency range, quantified by the bandwidth of the bubble
resonance. Consequently, the attenuation measured at any
single frequency is a sum of attenuation caused by bubbles
with a resonant response close to the frequency of mea-
surement and possibly also attenuation caused by geome-
tric scattering from larger bubbles. Figure 2 demonstrates
the problem for a flat bubble distribution (i.e., one for
which there are equal numbers of bubbles in each radius
increment). The acoustic cross section is shown with fre-
quency for several bubbles at equal radius increments
around 3 mm in radius. The totalmeasured attenuationwill
be proportional to the sumof all of these cross sections, and
it can be seen that the resonance width is a crucial pa-
rameter in determining howmuch overlap there is between
bubbles separated by a fixed radius increment. This reso-
nant bandwidth depends on the damping associated with
the resonance. For all the calculations described in this
paper, the damping coefficients were calculated using
Prosperetti’s (1977) method. For bubbles with smaller
radii (which resonate at higher frequencies), this resonant
bandwidth is generally greater than that for larger bub-
bles. There is a small contribution to this bandwidth in-
crease from the decrease in resonance quality factor as
bubbles get smaller, butmost of the bandwidth increase is
just due to the definition of quality factor,
Q 5
v0
Dv
, (3)
where Q is the bubble resonance quality factor, v0 is its
resonant angular frequency, and Dv is the resonance
bandwidth. As the resonant frequency increases, the
bandwidth increases for the same quality factor. Figure 3
shows the normalized cross sections with frequency for
four different bubble sizes. Each one is normalized to its
maximum value.
Most attenuation measurements are equally spaced in
frequency space, and it is evident fromFig. 3 that there are
implications for the inversion if inversion points were
chosen with this equal frequency spacing. An attenuation
measurement at the lower frequencies would be influ-
enced by only a small number of the bubbles in the cor-
responding bin, while at the higher frequencies the
attenuation measurement would include a significant
portion from bubbles in other bins. It seems that this ap-
proach could generate a systematic error. Most previous
publications do not discuss the spacing of the inversion
points used, but a large part of the effort that has been
FIG. 2. A sample plot of the many individual cross sections that
might add up to form the total attenuation. Most of the measured
attenuation is due to bubbles that are not responding exactly at
their resonance frequency, but resonate within approximately
a bandwidth of the frequency of interest.
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expended on the inversion of Eq. (1) is compensating for
this effect. It also seems to be the major reason for the
failure of singular value decomposition inversion methods
to produce stable solutions; if the inversion points are
chosen with equal frequency spacing, then there are
many possible combinations at the higher frequencies
that can produce the same overall attenuation. This
means that the matrix inversion does not have a unique
solution and no stable result can be found.
The central theme of this paper is that the inversion
accuracy and stability will be considerably improved if
the spacing of the points used in the inversion is chosen so
that the frequency bins each have a width in frequency
space that matches the bandwidth of their central bubble.
Figure 4 shows part of the frequency spectrum split up into
binswith this spacing.Using thismethod, every bubblewill
be resonant in a bin (so the full forward attenuation cal-
culation will include the correct number of bubbles), but
the bin width reflects the frequency range that can be
influenced by the bubbles inside that bin. This means that
a matrix inversion method can be used, and that the
solution will be smooth and stable because the mathe-
matical construction reflects the physics of the process.
The bandwidth of each bubble resonance can be de-
rived by comparingEq. (3)with Eq. (2); 1=Q is equivalent
to 2btot=v0, so the width of each bin in hertz is given by
Df 5
btot
p
. (4)
Prosperetti’s (1977) method is used to calculate the
acoustic, thermal, and viscous effective viscosities m.
Then, btot was calculated using Eq. (5) as
btot 5
2(mviscous 1 macoustic 1 mthemal)
rwatera
2
0
, (5)
where rwater is the density of the liquid and a0 is the
bubble radius.
Once the central bin frequencies are known, then
amatrix of cross-sectional contributions can be calculated
for these frequencies and the corresponding bubble radii
by using Eq. (2). The resulting matrix equation is
2664
s(a1, f1) s(a2, f1) s(a3, f1) . . .
s(a1, f2) s(a2, f2) s(a1, f2)
s(a1, f3) s(a2, f3) s(a1, f3)
. . .
3775
2664
n(a1)
n(a2)
n(a3)
. . .
3775 5
2664
a( f1)
a( f2)
a( f3)
. . .
3775, (6)
where fi are the central frequencies of the frequency bins,
and ai are the radii of the resonant bubbles at those fre-
quencies. The values of a( fi) are interpolated from the
measured data points, and this matrix equation is solved
using singular value decomposition to get the values n(ai).
The final stage is to divide the calculated n(ai) by the
number of micron radius increments that are included in
the corresponding frequency bin to get the bubble
number per unit volume per micron radius increment.
3. Method justification
If there were no geometrical scattering by larger bub-
bles, this method would just consist of dividing the atten-
uation at the center frequency of each bin by the resonant
cross section of the central bubble. The reason that a ma-
trix formulation is needed is to take into account the
geometrical scattering caused by bubbles larger than those
in the bin of interest. Even though the matrix inversion is
FIG. 3. The variation of extinction cross section with frequency
for different bubble sizes, normalized to their maximum value. The
bubble radii are (a) 50, (b) 20, (c) 10, and (d) 5 mm.
FIG. 4. A region of the spectrum showing the suggested fre-
quency bin spacing and the cross section of the central bubble for
each bin. Dotted vertical lines represent the frequency boundaries
for the bins. The attenuation values used in the inversion will be at
the frequency of the center of each bin (black filled circles), using
interpolation between the measured acoustic data points.
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stable, we have not yet shown this will give the correct
number of bubbles in the bin rather than a value that is
proportional to the correct number. However, a simple
physical argument presented in this section and the results
in section 4 show that this is indeed the case. Consider
a bubble in a frequency bin that is not necessarily resonant
at the central frequency of that bin. There will also be
attenuation at the measurement frequency from bubbles
in the bins on either side, although their contribution will
not dominate the measured attenuation. Let us suppose
that for each bubble in a bin, we can find another bubble
that is resonant at one bandwidth above, and a third that is
resonant one bandwidth below the bubble of interest (so
these two are contained within the bins on either side of
the bin of interest), and that the influence of any other
bubbles is small. We will call the bubble of interest here
the ‘‘middle bubble’’ of the three, to distinguish it from the
central bubble of the bin. It is a reasonable assumption for
a continuous distribution that two such symmetrical cor-
responding bubbles can be found for any single middle
bubble. Figure 5 shows this situation. The peak resonance
of the middle bubble can be anywhere inside the bin. The
average contribution that a bubble in this bin would make
is therefore the mean value of the total attenuation at all
the positions that correspond to the middle bubble being
inside the bin. Figure 5 shows both the average value of the
total attenuation over a full bandwidth centered on the
middle bubble, and the value of the peak cross section of
themiddle bubble. In the case of a flat bubble distribution,
the mean ratio of the average and the resonant cross sec-
tion is 1.01. It is also possible to explore the effect of
a bubble distribution slope (one in which the bubble
number varies as rx, where x is a constant) byweighting the
contribution of each bubble according to the number of
bubbles expectedwith that distribution. Figure 6 shows the
results for distributions with slopes between25 and 2, and
themaximum error in this range generated is 3%, which is
insignificant on the scale of the uncertainties associated
with bubble measurements using acoustic attenuation.
The meaning of these tests is that the effect of bubbles
having noncentral positions within their frequency bin is
approximately cancelled out by the influence of bubbles
in the bins on either side, when the bins are each
a bandwidth wide. An inversion carried out using the
peak cross section of a central bubble in the bin will
therefore produce the correct number of bubbles in that
bin to within a few percent.
4. Results
This scheme was tested with a computational method
designed to be as realistic as possible. Artificial bubble
populations were generated containing between 20 000
FIG. 5. The individual scattering cross sections associated with
three bubbles (thin solid lines) are shown. The central bubble is the
one of interest, and its bandwidth (vertical dotted lines), and therefore
thewidth of the bin centered on this bubble, is shown. The bubbles on
either side have resonant frequencies that are one bandwidth above
and one bandwidth below this central bubble, and are therefore res-
onant at the middle of the bins on either side of the central bin shown
here. The total attenuation from these three bubbles (thick black line)
is shown. In between the vertical dotted lines there is a horizontal bar
showing the average of the total attenuation over the frequency range
between these lines, which is within 2% of the peak cross-sectional
value for the single central bubble. If the central bubble is resonant at
any frequency within the bandwidth shown, then the measured at-
tenuation associated with it (measured at the center of the bin) could
be any of the values shown between the vertical dotted lines. This is
because any bubble that is off center in the central bin will have two
corresponding bubbles that are off center in the bins on either side of
the bin of interest. Averaging the total cross section over the
frequency range (bracketed by the dotted lines) therefore produces
the average attenuation associated with a bubble in that bin.
FIG. 6. The averaging of the total attenuation shown in Fig. 5 can
be carried out for bubble size distributions with different slopes to
see whether a sloped bubble distribution causes biases in the in-
version result. For example, if the slope is22, then we expect more
bubbles in the adjacent higher-frequency bin than in the adjacent
lower-frequency bin. This would change the averaging depicted in
Fig. 5, but we can compensate for that in the calculations, which is
the situation shown here. This plot shows the ratio of total cross-
sectional average (the horizontal line in Fig. 5) and the actual cross-
sectional peak for different bubble size distribution slopes. Over
the range of slopes we expect in oceanic bubble populations, the
error is always less than 3%.
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and 200 000 bubbles, with a distribution of sizes that fit the
chosen bubble population distribution. The population
was constructed by finding the number of bubbles re-
quired in each micron radius increment at radius R in
order to fit the distribution. A random number between
0 and 1 (designated B) was generated for each individual
bubble, and that bubble was given a radius r5R1BDr,
where Dr is 1 mm. Significantly, this meant that many
different bubble radii were included within each fre-
quency bin used for the inversion. ‘‘Measurement’’ fre-
quencies were chosen, and the total attenuation was
calculated at each chosen frequency by using the exact
bubble radii for each bubble without any binning. This is
equivalent to carrying out the sum represented by the
integral in Eq. (1). This attenuation was then inverted
using the method described here to test its accuracy.
Figure 7 shows the results for a radius range from 40–
400 mm for different bubble population slopes. For the
results shown in Fig. 7, only bubbles that were resonant
within the measurement frequency range were used to
calculate the attenuation. The effect of bubbles outside
the measurement frequency range will be discussed in
section 5. Figure 7a shows that the inversion produced
results accurate to within 2% over the whole radius range
for a bubble size distribution with a constant slope. For
more realistic populations with a varying slope shown in
Fig. 7b, themaximum deviation is just after a slope break,
and then the maximum deviation is 10%.
5. Geometrical scatter
The influence of the geometric scattering caused at
higher frequencies by nonresonant larger bubbles could
potentially become significant as the bubble measure-
ment range is extended to higher frequencies and there-
fore smaller bubble sizes. We will consider two situations
here. The first is the casewhere all the bubbles present are
resonant within the attenuation measurement range, and
it is examined here as context for the more important
second situation. This second situation is where there are
larger bubbles present that are resonant at frequencies
below the measurement range. Because they cannot be
measured using their resonance, there is the potential for
the geometrical scattering that they cause within the
measurement range to be interpreted as extra small
bubbles. The calculations set out in the earlier part of
this paper all include both resonant and geometrical
scattering effects, but there is still the potential for error
resulting from geometrical scattering effects of these
bubbles, which are too large to be measured directly. We
will use the methods outlined earlier in the paper to ex-
amine the potential magnitude of these errors.
FIG. 7. Comparison of the initial bubble population distributions and the inverted distributions for a bubble
population that only spans an order of magnitude in size. (a) The results for bubble populations with constant slopes
of21,22, and23. The initial bubble population (thin solid line) is shown, and this was used to calculate acoustical
attenuation with frequency, as described in the text. The bubble population calculated from that attenuation using
the method described in this paper (dotted lines) is also shown. (b) Same as (a), but with information for more
realistic distributions. Population 1 has a fixed slope of23 for bubbles greater than 100-mm radius and a slope of21
for smaller bubbles. Population 2 has a slope of24 for bubbles with radii above 100 mmand21.5 for smaller bubbles.
Population 3 has a gradually changing slope, from21 for the 40-mm bubbles and24 for the 400-mm bubbles. Apart
from the first and last points of any inversion, the method described in this paper produces results that are correct to
within 10% in all cases, and much less for the distributions with a constant slope
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Figure 8 shows the actual and inverted bubble pop-
ulations for different bubble size distributions with
a radius range between 3 and 700 mm. For slopes less
than22we do not expect the effects of geometric scatter
to be significant, because the number of small bubbles is
rising faster than the geometric contribution as bubble
size decreases (as previously stated, the geometric con-
tribution varies as a20). Population 2 in Fig. 8 and pop-
ulations with steeper slopes (not shown) bear out this
expectation; if the slope is steeper than 22 for all the
bubble sizes present, then geometrical scattering does
not bias the results. However, for bubble distribution
slopes greater than22, geometric scattering could cause
errors at the smaller radii in this radius range. Pop-
ulation 3 in Fig. 8a has a slope of21, and the bias caused
by geometrical scattering can be seen for bubble radii
smaller than 40 mm. The cause of this deviation is likely
to be the slight underestimation of the number of bub-
bles in the larger size classes measured. Undercounting
these larger bubbles leaves some of the attenuation at
higher frequencies unaccounted for, and the inversion
will consequently overcount the number of smaller
bubbles. This problem is almost entirely absent for
slopes less than 22, because smaller bubbles dominate
the attenuation at their resonant frequencies, and small
differences resulting from uncertainties in the larger
bubble population are negligible by comparison. Slopes
of approximately21.5 have commonly been reported at
the smaller radii (Deane and Stokes 2002; Farmer et al.
1998), and population 1 in Fig. 8a represents a more
realistic ocean bubble size distribution. A small geo-
metric bias can be seen for radii below 10 mm.
A situation of greater concern is shown in Fig. 8b,
where there are significant numbers of bubbles present
that are resonant at lower frequencies than the mea-
surement range covers. Bubbles over the entire size range
were used to calculate the attenuation, but the inversion
was carried out using only the attenuation over a limited
frequency range (equivalent to the resonant frequency
range for 3–700-mm bubbles). In this case, there is larger
bias resulting from geometric scattering, up to a factor of
2 for 5-mm radius bubbles, the smallest calculated here.
The results above show that geometric scatter only
becomes a significant concern for measurements covering
two orders of magnitude in the bubble radius in two sit-
uations. Problems may occur either when the bubble size
distribution slope over the whole measurement range is
greater than 22 or when there are large bubbles present
that are resonant outside the frequency measurement
range. The effect of these large bubbles is to generate
‘‘phantom bubbles,’’ with a slope of approximately22 at
small bubble radii, and these can usually be identified by
FIG. 8. Cases where geometric scatter may be more likely to influence the results, either from bubbles outside the
measurement range or from larger bubbles within the measurement range that were slightly underestimated by the
inversion. In all these cases, bubbles from 3 to 700 mm were used to calculate the attenuation. (a) Population 2 has
a fixed slope of22 and population 1 has a more realistic shape, varying from a slope of21 to a slope of24. In these
two cases, the agreement between the original population and the inverted population is very good, within 3% at all
radii. The lowest population has a slope of21, and a deviation between the original and inverted populations can be
seen for radii less than 40 mm. (b) The curved population is the same as the uppermost one in (a), and the full
attenuation was calculated from 5 to 1 MHz. However, only the attenuation values between 21 and 1 MHzwere used
for the inversion, because this is the measurement range of the acoustical resonator that motivated this research. The
size of bubble resonance at 21 kHz (vertical dotted line), the lowest frequency within the measurement range, is
shown. For the smallest bubble radii (5 mm), the error is approximately a factor of 2.
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an inflection in the bubble slope at the radius at which the
inverted population starts to differ from the actual bubble
population. These indications may suggest, after the in-
version has been done, that geometric scattering is
a problem. No direct solution for this problem is offered
here, although some straightforward modeling based on
the individual populations measured could provide
enough information to rule out geometrical scattering as
a problem in some cases. For example, as shown in Fig.
8b, the population of larger bubbles that resonates out-
side the ‘‘measured’’ frequency range could reasonably
have a slope between 23 and 25. A simple forward cal-
culation of the attenuation generated by the postulated
large bubbles over the whole frequency range, followed
by inversion using only the measurement frequency
range, shows the number of phantom bubbles that the
presence of larger bubbles could generate. An estimate of
their importance can then be made. In the cases studied
by the author using real bubble populations, the steepness
of the bubble size distribution at the largest radii usually
suggests that geometric scattering does not bias the in-
version results. In practice, the tiny amount of attenuation
caused by even a large number of bubbles less than 5 mm
in radius may be below the noise level of the detection
hardware, and in our studies to date this instrument noise
is the limitation on measurements of the smallest bubbles
and not geometric scattering. However, for bubble pop-
ulations that have slopes greater than22 over a large size
range, geometric scattering could be an insurmountable
problem, and other techniques may be required to make
simultaneous measurements in order to extend the bubble
measurement range to smaller radii. The author suggests
that the best approach may be to model the possible
population of large bubbles for each individual bubble
size distribution measurement in order to judge the
extent to which geometric scattering could interfere
with the results.
6. Conclusions
A simple and accurate method for inverting acoustic
attenuation to infer the bubble population present in
a liquid has been described. By spacing the inversion
points so that each bubble bin has the same width in
frequency space as the bandwidth of its central bubble,
a simple matrix inversion can be used to infer the bubble
population. Over a bubble radius range of an order of
magnitude (with no bubbles present outside this range),
this method is accurate to within 3%. When there
are bubbles present that are resonant outside the mea-
surement frequency range, the simplicity of the method
allows for a straightforward check for whether geometric
scattering is likely to influence the final results.
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APPENDIX
Damping Calculations
The calculation of Eq. (2) is not straightforward for
nonresonant bubbles because of the considerable po-
tential for confusion about the correct damping co-
efficients to use. The method used for this study is
outlined here, accompanied by a brief discussion of the
most up-to-date literature on this topic and summary of
the situations where these subtleties may produce sig-
nificant changes to the overall result. This information is
provided in an appendix because it does not affect the
method described in this paper, although anyone using
this method must carry out these calculations. The
recent publications byAinslie and Leighton (2009, 2011)
have summarized some of the inconsistencies in the
literature surrounding the damping calculations and
provide advice on the most appropriate methods in
different circumstances.
Damping for this study was calculated using themethod
of Prosperetti (1977), which leads directly to the values for
bth, brad, and bvis (i.e., the thermal, radiative, and viscous
damping constants). These constants b are the damping
factors, defined by their use in the equation of motion for
linear steady-state bubble oscillations,
€a 1 2btot _a 1 K(a 2 a0) 5 Fe
ivt, (A1)
where K is the stiffness parameter, F is the amplitude of
the forcing at frequency v over time t, a is the bubble
radius, and the dots denote time derivatives [see Ainslie
and Leighton (2011), Eq. (62) for further details about
these terms].
Here, btot is the sum of the three b terms; btot is used
directly in Eq. (2), and this is relatively straightforward.
Table A1 shows the physical constants used for these
calculations. The terms mth, mrad, and m used in Eq. (5) of
this paper are effective viscosities that Prosperetti (1977)
uses in the calculation of b. The more complex part of the
damping discussion revolves around the terms dtot, drad,
dvis, and dth. These are used in Eq. (2) only to scale the
attenuation coefficient in order to convert it to an ex-
tinction coefficient.
For the calculations described in this paper, the
d terms were all calculated using Prosperetti’s (1977)
method, laid out in Eqs. (4.204)–(4.206) of Leighton
(1994). These equations are not repeated here, because
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very recent work has suggested that another approach is
more appropriate, and repeating the equation risks
propagating past errors in the literature. For the pur-
poses of this paper, the approach used was sufficient to
demonstrate the new technique described. The limita-
tions of this simplification will now be described.
There are two issues: whether it is appropriate to use
d at all, and whether the available calculations are ap-
propriate far from resonance. The first issue has been
described in detail by Ainslie and Leighton (2011). They
conclude that use of d or d, the damping coefficient, is
inappropriate in general because the choice of damping
coefficient is dependent on the chosen definition for the
resonance frequency and other parameters, and no
entirely self-consistent set of definitions is available. This
matters most far from resonance, so the well-known
equations (as used in this paper) are still accurate for the
consideration of bubbles close to resonance. However, on
the basis of this new work, it seems that the most appro-
priate approach for the bubble size range discussed in this
paper may be a modified one. This approach is laid out in
Ainslie’s paper in Eqs. (107) and (108) for larger bubbles
where viscosity can be neglected, and in Eqs. (112) and
(113) for smaller bubbles where the liquid can be
considered incompressible. Future studies using a wide
bubble size range should use these equations.
The second issue matters here because the matrix
described by Eq. (6) in this paper could include the
extreme case of large bubbles responding to high fre-
quencies, that is, a 2-mm-radius bubble responding to
a 300-kHz signal. Zhang and Li (2010) investigate the
implications of a simplification in Prosperetti’s (1977)
method for bubbles far above their resonance frequency
and define parameter ranges where it is appropriate.
That study suggests that for the range of bubble radii
used in this paper, Prosperetti’s method is appropriate,
but just outside that range (e.g., a 2-mm bubble re-
sponding to 650-kHz sound) it will start to fail.
The method of using broadband acoustic attenuation
to measure a wide bubble size range is one of the few
applications where these subtleties could become sig-
nificant. Any future research into extending the meas-
ureable bubble size range beyond that used in this paper
should take account of these complexities.
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